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The filtering and predictive skill for turbulent signals is often limited by the lack of infor-
mation about the true dynamics of the system and by our inability to resolve the assumed
dynamics with sufficiently high resolution using the current computing power. The stan-
dard approach is to use a simple yet rich family of constant parameters to account for
model errors through parameterization. This approach can have significant skill by fitting
the parameters to some statistical feature of the true signal; however in the context of real-
time prediction, such a strategy performs poorly when intermittent transitions to instabil-
ity occur. Alternatively, we need a set of dynamic parameters. One strategy for estimating
parameters on the fly is a stochastic parameter estimation through partial observations of
the true signal. In this paper, we extend our newly developed stochastic parameter estima-
tion strategy, the Stochastic Parameterization Extended Kalman Filter (SPEKF), to filtering
sparsely observed spatially extended turbulent systems which exhibit abrupt stability
transition from time to time despite a stable average behavior. For our primary numerical
example, we consider a turbulent system of externally forced barotropic Rossby waves
with instability introduced through intermittent negative damping. We find high filtering
skill of SPEKF applied to this toy model even in the case of very sparse observations (with
only 15 out of the 105 grid points observed) and with unspecified external forcing and
damping. Additive and multiplicative bias corrections are used to learn the unknown fea-
tures of the true dynamics from observations. We also present a comprehensive study of
predictive skill in the one-mode context including the robustness toward variation of sto-
chastic parameters, imperfect initial conditions and finite ensemble effect. Furthermore,
the proposed stochastic parameter estimation scheme applied to the same spatially
extended Rossby wave system demonstrates high predictive skill, comparable with the
skill of the perfect model for a duration of many eddy turnover times especially in the
unstable regime.

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

Filtering is the process of obtaining the best statistical estimate of a physical system from partial observations of the true
signal. In many contemporary applications in science and engineering, real-time filtering of a turbulent signal involving
many degrees of freedom is needed to make accurate predictions of the future state. Important practical examples involve
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the real-time filtering and prediction of weather and climate as well as the spread of hazardous plumes or pollutants. A ma-
jor difficulty in accurate filtering and prediction of noisy turbulent signals with many degrees of freedom is model error [35]:
the fact that the true signal is processed through an imperfect model where important physical processes are parameterized
due to inadequate numerical resolution or incomplete physical understanding. Under these circumstances, it is natural to
devise strategies for parameter estimation to cope with model errors to improve both filtering and prediction skill [32,2-
4,9,8,6,17].

Recently, we proposed the use of the test models with stochastic parameter estimation [14], where certain parameters of
the system such as damping and external forcing can be learned from the observations. This approach, called the Stochastic
Parameterization Extended Kalman Filter (SPEKF) in [14], has been shown to be effective when applied to a single mode [14].
In this paper, we extend this stochastic parameterization strategy to filtering sparsely observed spatially extended systems
with a decaying (Kolmogorov type) turbulent spectrum [19] and intrinsic model errors as in [14]. According to results in [19]
for the perfectly specified filter case, we can obtain accurate filtered solutions by filtering only the observed modes with a
reduced filter when the energy spectrum decays as a function of wavenumber. Our new approach here is to unify ideas from
these two papers [19,14], that is, to apply SPEKF only to the observed modes and let the estimates of the remaining unob-
served and least energetic modes to be unfiltered and propagated in time with the climatological model.

In this paper, we will test our newly developed strategy on a nontrivial toy model for turbulent barotropic Rossby waves
in a one-dimensional periodic domain with a time periodic external forcing. We design this model such that it exhibits insta-
bility that mimics the baroclinic instabilities in the midlatitude atmosphere at random times despite a stable long time aver-
age behavior. In this example, the model errors are introduced through our lack of information about the onset time and
duration of instability regimes. Moreover, we also introduce a second source of model error by purposely not specifying
the external forcing. In our numerical experiments with this example, we resolve this model with 105 equally spaced grid
points in a periodic domain and consider rather sparse observations at 15 equally spaced grid points. Through extensive
numerical studies, we will find that our new stochastic parametrization strategy, especially the one that combines both mul-
tiplicative and additive bias corrections, produces a significantly improved and robust filtering skill as was shown earlier in
the one-mode context in [14]. We will also find significant improvement in predictive skill with the combined model relative
to the mean model.

The paper is organized as follows. In Section 2, we describe idealized spatially extended turbulent systems: this includes
the simplest stochastic models for turbulent signals, the turbulent Rossby waves problem as an example, and the two-state
Markov process as an underlying mechanism for stability regime transitions. In Section 3, we discuss various strategies for
filtering with model errors, including the standard approaches such as the mean stochastic model (MSM) and the standard
online bias correction strategy using extended Kalman filter [22,1,7] which motivates the Stochastic Parameterization Ex-
tended Kalman Filter (SPEKF) in our recent work [14]. In this section, we also review results of SPEKF in the one-mode con-
text [14] and then specify a strategy for implementing SPEKF for spatially extended systems with sparse observations. In
Section 4, we present the numerical results for filtering, including the correctly specified and unspecified forcing and the fil-
ter skill robustness throughout variations of parameters. In Section 5, we extensively study the predictive skill on one Fourier
mode in a “super-ensemble” setup. In particular, we try to understand the effect of errors from initial conditions and a finite
ensemble size. Consequently, we show results on the full SPDE. We close both Sections 4 and 5 with short summaries. We
end the paper with concluding discussions in Section 6. Detailed calculations of correlation function and Kalman filter for-
mulas are reported in Appendixes A and B.

2. Idealized spatially extended turbulent systems

The simplest models for representing turbulent fluctuations involve replacing nonlinear interaction by additional linear
damping and stochastic white noise forcing in time which incorporate the observed climatological spectrum and turnover
time for the turbulent field [10,28,30].

As in the standard classical numerical analysis test criteria for finite difference schemes [33,29], we start with a linearized
complex s x s PDE at a constant coefficient background, i, = P(0x)u +f(x, t). Here f(x, t) is a known deterministic forcing
term. In accordance with the above approximations, additional damping —y(dy)ii and spatially correlated noise

ax)W(t) = f: G W (t)e™, (1)
k=—o0

where W, (t) are independent complex Wiener processes for each k > 0 and the independent real and imaginary parts have
the same variance 1/2 and o_; = 0, and W_,(t) = W(t), are added to the PDE to represent the small scale unresolved tur-
bulent motions resulting in the basic frozen coefficient canonical PDE. For simplicity in notation here we discuss a scalar field
in a single space real variable but everything generalizes to a matrix system of stochastic PDEs in several space dimensions.

2.1. The simplest stochastic models for turbulent signals

With the above motivation, we consider solutions of the real valued scalar stochastic partial differential equation (SPDE):
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aug;, b_ P (%) ux,t)y—7y ((%) ux,t) +f(x,t) + a(x)W(t),

u(x,0) = uo(x),

(2)

as the simplest model for turbulent signals. Here the initial data u, is a Gaussian random field with nonzero covariance. As in
the usual finite difference linear stability analysis, we non-dimensionalize this problem in a 27-periodic domain so that a
solution of (2) is given by the infinite Fourier series

o

u(x,t) =Y iy (t)e™, U (t) = (), (3)

k=—00
where i, (t) for k > 0 can be utilized in analyzing (2). For finitely discretized system, we use the finite sum of (3).
The operators P(Z) and y(Z) are defined through unique symbols at a given wavenumber k by

DX, OX.
P2 el = pikyel (4)
ox ’
p 2 eikx _ y(ik)e"“ (5)
X '

Substituting (1), (3)-(5) into initial value problem in (2), we obtain a system of uncoupled forced Langevin equations on each
Fourier mode

ditg(t) = [B(iK) — 7(iK))i(D)dE + fi(t)dt + GdWi(t),  1k(0) = igo. (6)
The term fk(t) is the Fourier coefficient of the deterministic forcing f(x, t).
We assume that p(ik) is wave-like so that
Bik) = e, (7)
where —wy, is the real valued dispersion relation while y(ik) represents both explicit and turbulent dissipative processes so
that y(ik) is non-negative with
y(ik) >0 for all k # 0. (8)
Under these assumptions, Gaussian equilibrium distribution for (6) exists and provided f(x, t) = 0 this statistical equilibrium
distribution has mean zero and variance E;, defining the climatological energy spectrum
02
Ek = 7{{1
27y(ik)
Mathematically, one requires > E; < oo to define the stochastic solution of (2) correctly with a similar requirement on the
Gaussian initial data in uo(x). However, there is genuine physical interest in situations with an even rougher turbulent spec-
trum such as white noise where E; is constant. In these cases, we truncate the sum in (3) to a large finite sum.
Another quantity that is typically measured in a turbulent system is the eddy turnover time, which is the time it takes for

an eddy to decorrelate in the equilibrium statistical state. Mathematically, the eddy turnover time at a given wavenumber is
defined as the integral on the positive half line (from O to co) of the absolute value of the correlation function

1<k < +o0. 9)

Ri(T) = (i (t) — D) (e (t + T) — )"y = Ej e 70T gmiont (10)

which is the absolute damping time, 1/y(ik), when normalized by Ej. In [14], we called this quantity the decorrelation time
since we only studied one Fourier mode in that paper. In this paper, we refer to this quantity as the damping time since we
do not want to confuse the reader with the physical space decorrelation time defined below. The detailed calculation of the
correlation function, Ry (7), is based on the exact solution of SDE in (6) and is given in Appendix A.

2.2. Example: a simple model for turbulent Rossby waves

In this paper, we consider barotropic Rossby waves with phase varying only in the north-south direction in a one-dimen-

sional periodic domain, with dispersion relation [27,31] given by
B
W, == 11
k k ( )

On the planetary scale, the midlatitude beta plane approximates the effect of rotation with
f_2Qcos(0)
a a

p=

where a = 6.37 x 10° m is the mean radius of the earth and Q = 7.292 x 107> rad/s is the earth angular speed of rotation
[21]. In our model, we consider a periodic domain of length 27 so that the radius has a unit length a = 1. Converting the time

: (12)
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into days, we find that the parameter g at latitude 0 = 45° is § = 2Q cos(45°) s=! = 8.91 day '. Thus the natural frequency for
this model is given by w; = 8.91/k so the lowest wavenumber, k = 1, has an oscillation period of roughly 27/w; = 17 h.
It is also natural to assume uniform damping

y(ik) =d >0, (13)

representing the bottom drag (Ekmann) friction. It is known from observations that on scales of order of thousands of kilo-
meters these waves have a k> energy spectrum [26] so that

E =k (14)
Tuning the model to have 3 day prediction like the weather [25], we choose a damping strength d = 1.5 such that the phys-

ical space correlation function

0o N 00 —iwyT
R(T) _ Zk:—och(T) _ et Zk:—ooEke , (15)

Z’Z*O@E’( szooEk

decays after 3 days. Fig. 1 shows the physical space correlation function R(7) as a function of the lag t for a finite sum of
N = 52 discrete Fourier modes. We also use the equilibrium energy spectrum in (9) to calibrate the system noise strength

ok = 1/2d/k® at each wavenumber.

We also consider the following external periodic forcing

0.5 e0-15it if 0 < k<5,
fult) = { 05(8)° 015t if k> 5, (16)
o if k <0,

which mostly acts on the lower modes of the system. The frequency is chosen to represent a long wave background forcing
with period of 27t/0.15 = 41.88 days, which is much slower than the 3 day decorrelation time. In the numerical simulations
below, we will also consider random forcing.

2.3. Instability transitions with a two-state Markov process

Now, we describe the procedure for generating a signal that exhibits transitions between stable and unstable regimes. In
the unstable regime, we mimic the baroclinic instability that governs weather wave patterns in the midlatitude atmosphere.

Time correlation function

1 T T T T T T T

—05 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5 4

time(in days)

Fig. 1. Physical space temporal correlation function of u(x, t), computed using R(t) in (15), decorrelates after 3 days.
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Numerically, we allow wavenumbers 3-5 (typical modes where baroclinic instability occurs [31]) to switch between stable
and unstable regimes. Mathematically, the stable (unstable) regime is characterized by positive (negative) damping and cor-
responds to the loss (gain) of barotropic energy. Simultaneously, the first two modes are weakly (strongly) damped when the
next three modes are in the stable (unstable) regime. This mechanism models energy flux from the intermediate waves to
the largest waves in the stable regime and vice versa in the unstable regime.

As in [14], we consider an exponentially distributed waiting time between these two regimes. That is, the waiting time
the system spends in the stable regime before it switches to the unstable regime is a random variable Ty with cumulative
distribution function given by

PTy<t)=1-0"", 17
where v is a rate of change from stable to unstable regime. Similarly, for the random time T, that the system spends in the
unstable regime, we have

PTypm<t)=1-eH1, (18)
where p is a rate of change from unstable to stable regime. In our numerical model, we set v = 0.1 and g = 0.2 such that the

system spends on average 10 days in the stable regime and 5 days in the unstable regime. We choose the damping strength
of each mode as in Table 1 such that the average damping is constant,

vd +pud"  vdy, +pds
v+po v+ p

d=

1.5. (19)

In Fig. 2(a), we show a space-time plot of the solutions of the stochastic toy model for the Rossby waves described in Section
2.2 together with the instability transitions (the “switching” SPDE) described above, solved with time step 0.001 and discret-
ized with a total of 2N + 1 = 105 grid points in a 27 periodic domain. In Fig. 2(b), we also show the stability regime, i.e., the
damping strength of modes 3-5, which is typically unknown in reality. In this snapshot, we see a strong coherent westward
wind burst which begins 2 days after the unstable transition. The fact that the occurrence of this westward wind burst is not
exactly right after regime transition makes this turbulent signal an extremely hard test problem. In the remainder of this
paper, we refer to this turbulent signal as the true signal that we want to filter and predict.

3. Filtering with model errors through stochastic parameter estimation

In the perfect model scenario, we can filter and predict the true signal (see Fig. 2) with the “perfectly specified filter”. In
this paper, we consider the Fourier domain Kalman filter (the reader unfamiliar with the Kalman filter can consult Appendix
B below), described in [5,19], with prior statistics generated through solving the statistics of SDE in (6) exactly, assuming that
the exact time series of the damping coefficients of the switching modes are known. In Section 4, we will present solutions
with this perfectly specified filter as a benchmark.

In reality, however, we do not know in what regime the signal is and when a transition is going to occur. Moreover, we do
not even know which modes exhibit instability. This incomplete knowledge introduces what is known as “model error”. An-
other source of model error we will also study comes through unspecified external forcing f(x, t).

3.1. Standard approaches

In reality, what is available is the long time average statistics of the true signal based on various measurements from the
past events, such as the average damping time 1/d and the equilibrium variance E; = 02/2d (in turbulence theory, this quan-
tity is also called the energy spectrum). In this section, we describe briefly the two standard approaches for filtering:

3.1.1. Mean stochastic model (MSM)

The simplest commonly used filter model [18,20] is the mean stochastic model (MSM), which is a model that is based on
the two equilibrium statistical quantities, energy spectrum and damping time; MSM is exactly the climatological stochastic
model (CSM) in [18,20]. The mean stochastic model (MSM) solves

diy (t SN . =
%) = (*d + 1a)k)uk(t) + U/CW/C(f) +fk(t), (20)
Table 1
Damping strength.
Modes Stable Unstable
1,2 w=13 ds=1.6
3,4,5 dt =225 d =-0.04

>6 d=15 d=15
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Fig. 2. The true signal u(x, t) for period of time between t = 240 and 270. (a) Space-time plot with contour interval 2 unit/day, dark contour for positive
value and grey contour for negative value. (b) Damping y(t) for the solution u(x,t) shown in panel (a).

for prediction and solves its first and second ordered statistics for filtering. Here d = 1.5 is an average damping constant for
all modes; model errors are introduced through unknown time dependent true positive and negative damping y(ik) in the
switching modes (as discussed in Section 2.3) and f(t) can be even an incorrectly specified forcing.

3.1.2. Online bias estimation
A more sophisticated approach to filtering is through updating the unknown damping and forcing coefficients on the fly
[32,2-4,9,8,6,17,11,12]. In general, given any nonlinear dynamical system depending on unknown parameters, 2,

du

—=F 21

o = Flut2), (21)
one augments the state variable u by parameters 4 and adjoins an approximate dynamical equation for the parameters

di

== . 22

= &) (22)

The right hand side of (22) is often chosen on an ad-hoc basis as g(4) = 0 or white noise forcing with a small variance [11,12].

The partial observations of the true signal are often processed by an Extended Kalman Filter (EKF, see [22,1,7]) applied to
the augmented system in (21) and (22) where the parameters / are estimated adaptively from these partial observations.
Note that even if the original model in (21) is linear, it readily can have nonlinear dependence on the parameters /. through
(22) so typically an EKF involving the linear tangent approximation is needed for parameter estimation in this standard case.
Some recent applications of these and similar ideas to complex nonlinear dynamical systems can be found in [32,2,3,9,8].

3.2. The Stochastic Parameterization Extended Kalman Filters (SPEKF)

In this section, we review the stochastic parametrization strategy “Stochastic Parameterization Extended Kalman Filter”
(SPEKF) recently introduced by the authors [14]. Although our stochastic parameter estimation strategy is motivated by the
augmentation approach discussed earlier in Section 3.1.2, it differs from the other online approaches since it utilizes nonlin-
ear exactly solvable statistics that includes both the additive and multiplicative bias corrections. Therefore, no linear tangent
approximation is needed in SPEKF.
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The SPEKF appends the stochastic model for evolution of state variable i, (t) with combined additive, by(t), and multipli-
cative, y,(t), bias correction terms:

ditg () = ((—7, () + i) i () + be(t) + fi())dt + GrdWic(t),
dby(t) = (=Ypx +i0p k) (bi(t) — by)dt + g dWii(t), (23)
dy(t) = —d, 1 (7, (t) - Pe)dt + nydeV,k(t).,

for improving filtering and prediction with model errors. Here, stochastic parameters y, , and d, x represent the damping and
parameters g, and o, represent the strength of the white noise forcing of the additive and multiplicative bias correction
terms, respectively. The stationary mean bias correction values of by(t) and y,(t) are given by by and %, correspondingly; and
the frequency of the additive noise is denoted as wy. As in our earlier study in [14], we choose the stationary mean bias
correction values to be by, = 0 since this is the statistical long time average for periodic mean zero function and the stationary
damping to be J = d, which is the average damping of the original system. Note that W, (t) is a Wiener process while W (t)
and Wy, (t) are complex valued Wiener processes with their real and imaginary parts being independent Wiener processes.

It is important to realize that the parameters of the state variable i, (t) come from the characteristics of the physical sys-
tem, which is modeled by the first equation in (23). On the other hand, stochastic parameters of by(t) and
Vi), {Vbx> Dbk, Obk, dyk, Ok}, are introduced in the model and, in principle, cannot be directly obtained from the char-
acteristics of the physical system. At first glance, this approach looks very counter intuitive in the sense that it introduces
five stochastic parameters to parameterize by, and y, on each Fourier mode alone. However, our comprehensive numerical
study [14] on the fifth mode of (2) showed that there exists a robust parameter set for high filtering skill beyond the skill
of MSM and in certain situations as good as the perfectly specified filter. In the numerical simulations in Section 4, we will
find that if we use the same five stochastic parameters for each wavenumber, the high filtering skill on the fifth mode of (2)
as reported in [14] translates to the full switching SPDE by choosing a parameter set that belongs to the robust set of the fifth
mode as in [14] independent of wavenumber. Therefore, we avoid having to choose 5N parameters (assuming there are five
stochastic parameters on each mode and a total of N wavenumbers) but only 5 for the whole SPDE. For predictive skill, we
first perform a comprehensive numerical study for the fifth mode alone in Section 5 to determine whether there is a robust
stochastic parameter set. Then, we will proceed the same way as in the study for filtering when such robust set exists for the
whole SPDE.

As in [14], we also consider two special cases of the combined model (23): the additive model when we have only the addi-
tive bias correction

dily (t) = ((—d + i) (t) + be(t) + fi(£))dt + T dWi(t),

. (24)
dbk(t) = (_yb,k + lw,,,k)bk(t)dt + Gb,deb,k(t).,
and the multiplicative model when we have only the multiplicative bias correction
dite(t) = ((—=73(6) + 1)U (t) + fi(t))dEt + G dWic(0), (25)

dyk(t) = _d*,alc("/k(t) - d)dt + Gw'lcdwv.k(t):

where d is the mean value of the damping.

For the true signal, we only have noisy observations of il ,, = tlx(t;) at discrete times t,, but not of by(t) and 7y, (t) since the
last two variables are parameters artificially introduced in the model. Therefore, the observation 2, at discrete time t,, is
modeled by

ijk,m = ak.m + &z,m7 (26)

where 67, is a Gaussian noise with mean zero and variance 7°. The SPEKF uses the exact mean and second moment to solve
the nonlinear filtering problem (23) and (26). As in [14], we refer to this approach as SPEKF-C. Alternatively, we also have
SPEKF-A that solves the linear filtering problem (24) and (26) and SPEKF-M for nonlinear problem (25) and (26). Note that
in each of these three strategies, the prior mean and covariance are solved analytically using the calculus tricks introduced in
[15,16] for filtering slow-fast systems. For detailed computation of these statistics, one can consult [14].

To conclude this section, we review and summarize some of the important results for filtering the one-mode case in [14],
which include: (1) SPEKF-C is the method of choice for filtering with model errors since its high filtering skill (nearly as good
as the perfect model in many regimes) is robust and the least sensitive to variations of stochastic parameters, observation
time and observation error variance; (2) the simpler strategies, SPEKF-A and SPEKF-M, clearly beat MSM in most parameter
regimes and sometimes their skill is as good or even slightly supersedes the skill of SPEKF-C. The multiplicative method is
better than the combined model when forcing is specified correctly, this is because the additive bias term, b(t), introduces
sampling error. However, SPEKF-A and SPEKF-M are not as robust as SPEKF-C towards the changes in the stochastic param-
eters; (3) we also note that the advantage of SPEKFs over MSM in addressing the model errors is more significant when re-
gime transitions occur more often; (4) when the external forcing is unspecified or incorrectly specified, the additive bias
correction term, b (t), in SPEKF-C and SPEKF-A learns the unknown part of the forcing and the combined and additive models
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still perform very well with RMS errors comparable to the RMS error of the perfectly specified filter. This high skill was not
found in SPEKF-M when forcing is unspecified or incorrectly specified.

3.3. Implementation of SPEKF on sparsely observed spatially extended systems

In practice, observations may not be always available at every grid point when models are resolved with higher resolution
and in many situation sparse observations are available at random locations. In this paper, we consider a situation where
sparse observations are available at every P grid points as in [19,20]. Strategies for randomly located observations were re-
ported elsewhere by one of the authors [29].

Suppose the observations of the true signal defined in (2) are taken at 2M + 1 grid points which are regularly spaced, i.e.,
atx; =jh, j=0,1,...,2M with (2M + 1)h = 2. When M < N, where (2N + 1)h = 27 and h denotes the mesh spacing for the
finite difference approximation, we have sparse regular observations since there are fewer observations than discrete mesh
points. Here, for simplicity in exposition, we assume that X; coincides with x4, jp for some q € Z, and

_2N+1
TIMA T

defines the ratio of the total number of mesh points available to the number of sparse regular observation locations in (2).
Therefore, the model for sparse observation is given by

(27)

V(X tm) = (X, tn) + 0%, X =jh, j=0,1,...,2M, (28)

where o9, is a Gaussian noise with mean zero and variance r°. In our numerical simulation, we will consider rather sparse
observations with M = 7 and N = 52, that is, 15 observations uniformly distributed at every P = 7 grid points of a total of 105
model grid points. We take the observations at every At = t;;,1 — t, = 0.25 time units which correspond to 6 h in physical
time. In each Fourier mode, this observation time corresponds to roughly one third of the damping time scale 1/d = 0.66.
However, our result is not restricted to this specific observation time, e.g. see [14] for a complete study of the fifth mode
of (2) with longer observation times.

The sparse observation model in (28) can be represented in Fourier space as follows:

ZA/ém = Z ﬂk.m + 6-?717 w < M> (29)

ke A(l)
where 69, is a Gaussian noise with mean zero and variance #° = r°/(2M + 1) and
A ={klk=¢+ 2M +1)q, |k| <N, q € 7}, (30)

is the aliasing set of wavenumber ¢, which has P components (see [29,19,20] for details). In earlier work [19], two of the
authors demonstrated high filtering skill in the perfectly specified filter context with no stability transitions (described in
Section 2.3) by reducing the filtering problem (2) and (28) to M decoupled filters, each consisting of P-dimensional diagonal
Langevin equation (6) with scalar observation model (29). Furthermore, they showed that further filter reduction to indepen-
dent scalar filters can still produce high filtering skill when the energy spectrum is decaying (i.e., Ex = k> in our case).

One type of filter reduction [19] is to require the aliased modes in each aliasing set, k € A(¢), k # ¢, to fully trust the
dynamics since the observed (resolved or primary) mode ¢ is the most energetic mode. This approximation, called the “Re-
duced Fourier Domain Kalman Filter” (RFDKF), models the observation in the following fashion

U =Vem— Y Uem = Uym + G, (31)
ke A(t)k # ¢

such that it is in the form of (26). In (31), observation 2, is adjusted by the summation of the aliased modes. These aliased
modes are propagated forward with the mean model in (20) without taking into account any observations.

In this paper, we implement SPEKFs (discussed in Section 3.2) with observation model RFDKF in (31). Numerically, we
only filter M resolved modes (which are wavenumbers 1-7 in our numerical example) with SPEKF and propagate the remain-
ing modes, k = 8, ...,52, with the mean model in (20) without taking into account any observations. For diagnostic purposes,
we also implement the perfectly specified filter and MSM (discussed in the beginning of Section 3 and 3.1.1) with the obser-
vation model in (31).

4. Numerical results for filtering

In our numerical simulations, we consider solutions of the form (3) with the finite number of modes N = 52. This corre-
sponds to 2N + 1 discrete points on the 27 periodic interval. The true signal as shown in Fig. 2 is generated for a total of
500 days, which corresponds to T = 2000 assimilation cycles with observation time At = 0.25. Observations are generated
at uniformly distributed locations as described earlier in (28) with error noise variance r° = 0.3 in the correctly specified
forcing case and r° = 0.5 in the incorrectly specified forcing case. Both noise variances in the k-space, r°/(2M + 1), exceed
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the equilibrium energy spectrum E;, = k> of the unforced system for k > 3. When the turbulent signal is externally forced
(with (16) in our example), its energy spectrum is given as follows:

E = llm ZT/ [t (s) | ds. (32)

In Fig. 3(b), we find that the above choice of observation error variance, indeed, exceeds the energy spectrum (32) for wave-
numbers k > 7. In this figure, the energy spectrum (32) is approximated by averaging over a finite amount of time
T = 450 days after a transient period of 50 days. For the remainder of this paper, the term “energy spectrum” refers to
the spectrum of the forced system defined in (32), and not to that of the unforced case, k3. We will discuss results with dif-
ferent noise level in Section 4.3.

We quantify the performance by measuring the Root-Mean-Square (RMS) difference between the true signal, u‘(x;, t;),
and the filtered solution, t(x;, t,),

M 2N+1

E= (Xj, tm) — UL (X;, )|, 33
MEN 1) ;;I G, b (%, tm)[? (33)

where to = T. Below, we also qualitatively compare the energy spectra generated from the true signal with those generated
through various posterior filtered solutions.

For SPEKFs, we choose stochastic parameters that belong to the robust set of parameters based on the comprehensive
study in [14]; they are {y,, = 0.1d, Wy = @y, Opy = 405 = 0.6, dyx = 0.1d, 0,k =405 = 0.6} for filtered wavenumbers
k=1,...,7. In Section 4.3, we will check the robustness of the filter skill when these parameters are changed.

4.1. Correctly specified forcing

In Fig. 3(a), we compare the RMS errors of the nine most energetic modes. The perfectly specified filter provides the
smallest error as expected since the perfect model utilizes the exact dynamics. The multiplicative model produces a
filtered solution with error just slightly larger than the error of the perfectly specified filter. Note that the error of the
multiplicative model is still very low for both stable and unstable regions of the spectrum (as described in Table 1 insta-
bility occurs in modes 3-5). Next, the combined and additive models produce the filtered solutions with errors that are
almost the same as the errors of the perfectly specified filter for modes 1 and 2 and then deviate from the corresponding
values of the perfectly specified filter error for higher modes. And finally, the MSM has a very large error for the unstable
modes 3-5. On modes higher than 5, MSM is the perfectly specified filter since the true damping of these modes is
exactly equal to the average damping of the system d = 1.5. One important bulk quantity to recover from filtering is
the energy spectrum (32) of the true signal. In Fig. 3(b), we see that the energy spectrum of the posterior state of
MSM underestimates the true energy spectrum of the unstable modes. On the other hand the multiplicative and
combined models produce filtered solutions with energy spectrum very close to the true energy spectrum for all seven
filtered modes. The energy spectrum of the additive model is also close to the true energy spectrum with just slight
deviations from it.
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Fig. 3. Filtering with correctly specified forcing: (a) RMS errors as functions of wavenumbers. (b) Energy spectrum as a function of wavenumbers.
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Fig. 4. Filtering with correctly specified forcing: snapshot of the true trajectory in the unstable regime at time t = 80 together with filtered signals as a
function of space. We only show the region with x € [—1, 2] for clarity of presentation.

In Fig. 4, we show a snapshot of the true trajectory in the unstable regime at t = 80 together with the posterior values of
various filtered solutions. There, we observe that in the unstable regime all SPEKFs produce filtered solutions that are much
closer to the true signal relative to that of the MSM. This is explained by the fact that the multiplicative bias correction 7,(t)
and additive bias correction bi(t) help the SPEKFs to recover the true dynamics better than via the MSM with averaged
damping, especially in the unstable modes 3-5, which we will discuss next.

In Fig. 5, we show the time series of the additive and multiplicative bias corrections, by (t) and y,(t), respectively, for wave-
numbers k = 3,4,5 with intermittent unstable damping. In the panels for y,(t), we also show the true value of the damping
as discussed in Section 2.3. We note that 7y, (t) of both the combined and multiplicative models follow the trajectory of the
true damping. However, the multiplicative model produces a better estimate of the true damping relative to the combined
model in all three unstable modes. As a result, we expect the multiplicative model to produce a better approximation to the
true signal u(x, t), which is confirmed in Table 2. On the other hand, the panels of Fig. 5 that correspond to the additive bias
correction by(t) show that by (t) do not deviate much from zero, except for the times when the damping is unstable. In the
unstable regime, both the combined and additive models use the additive bias correction to recover the true signal. However,
since the model error is multiplicative for the correctly specified forcing, we expect the multiplicative model to show the
best performance among the three SPEKFs. This result is also confirmed in Table 2, in which we present the RMS errors
in real space, computed using the error formula in (33). In the same table, we also report results for the unforced case
(fx = 0 both for the true signal and the filter) run with slightly smaller r° = 0.2 (which is greater than k> for wavenumbers
k > 4); here we find similar conclusions as in the forced case discussed above: the multiplicative model is the method of
choice.

4.2. Unspecified forcing

Here, we consider a true signal with forcing given by

Fi(t) = Arexp(i(wpat + by ), (34)

for k=1,...,7 with amplitude Ay, frequency wy and phase ¢, drawn randomly from uniform distributions,
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Fig. 5. Filtering with correctly specified forcing: additive bias correction, bi(t), and multiplicative bias correction, y,(t), for SPEKF-C (squares), SPEKF-A
(circles) and SPEKF-M (pluses) for the modes k = 3,4, 5 with unstable damping. The solid line shows the true damping y(t).

Ark ~U(06,1),
oy ~ U(0.1,0.4),
$rx ~ U(0, 2m),

Fe=Fe
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Table 2
Spatial RMS errors for simulations with unforced case, correctly forced case and incorrectly forced case.
Forcing Unforced case Correct forcing Incorrect forcing
Ind 0.2 0.3 0.5
RMSE of perfect filter 0.346 0.391 0.454
RMSE of MSM 0.394 0.477 0.728
RMSE of MSM;_q - - 1.169
RMSE of SPEKF-C 0.380 0.444 0.588
RMSE of SPEKF-M 0.359 0.418 0.787
RMSE of SPEKF-A 0.398 0457 0.601

and unforced, fk(t) =0, for modes k > 7. However, we do not specify this true forcing to the filter model, i.e., we use fi=0
for all modes.

In Fig. 6, we compare the RMS errors and the energy spectra of the true signal and of the filtered solutions mode by mode.
In terms of RMS errors, SPEKF-C is the best strategy followed by SPEKF-A and both RMS errors are smaller than that of the
MSM with perfect forcing in the unstable modes 3-5. The high filtering skill with SPEKF-M in the perfect forcing case dete-
riorates as the forcing is incorrectly specified; in this case, the absence of additive bias correction term, by, in the multipli-
cative model degrades the filtering skill significantly. In terms of energy spectrum, we find that the first 7 most energetic
modes are filtered very well by the perfectly specified filter as well as by the combined and additive models if we compare
with the spectrum of the true signal. The multiplicative model does not provide a good approximation of the energy spec-
trum for the wavenumbers k > 3. The MSM with correctly specified forcing misses the unstable modes 3-5, while the rest of
the modes are filtered well. The MSM with unspecified forcing only filters the first two modes well, while missing the rest of
the modes. Similar conclusions hold when spatial RMS error, reported in Table 2, is used for the performance measure.

4.3. Robustness and sensitivity to stochastic parameters and observation error variances

In this section, we study how sensitive the proposed SPEKFs are to variations of stochastic parameters and how the skill of
the filters vary for different values of observation error variance, r°, for a fixed set of stochastic parameters. In this study, we
keep all but one of the parameters fixed and vary the remaining parameter in a broad range of values. The fixed parameters
are {d,; = 0.1d, y,, =0.1d, 0, = 405, 0y =405, Wy = 1}.1tis very important to realize that we use the same set of sto-
chastic parameters for all the switching modes, that is, wavenumbers |k| < 7. These modes have different energies and dif-
ferent correlations in time. Therefore, using the same set of stochastic parameters for a number of modes is a tough test for
the robustness of the SPEKFs.

In Fig. 7, we demonstrate the dependence of the spatially averaged RMS errors of the various filters on the stochastic
parameters and observation variance for the correctly specified forcing case. We note that both SPEKF-M and SPEKF-C are
robust to the variations of d,/d and ¢, but SPEKF-M has smaller RMS errors relative to SPEKF-C (see panels (a) and (b) in
Fig. 7). The robustness in SPEKF-C toward these two parameters is very similar to the robustness of the fifth mode studied
in [14]. For the SPEKF-M, the sensitivity toward large damping and small noise on the fifth mode study [14] disappears when
all modes are accounted for and this is because the errors in the non-switching modes are smaller. The sensitivity of the fil-
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Fig. 6. Filtering with unspecified forcing: (a) RMS errors as functions of wavenumbers. (b) Energy spectrum as a function of wavenumbers.
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Fig. 7. Filtering with correctly specified forcing: spatially averaged RMS errors of the perfectly specified filter (solid line), CSM (asterisks), SPEKF-C
(squares), SPEKF-M (pluses), SPEKF-A (circles) and observation error (dashes). The fixed parameters had the values d, /d=0.1, y,/d =
0.1, 0,=06, g, =06, w, =1, 1’ =0.3.

tering skill toward variations of the additive stochastic parameters, y,, wy, o, reflects the one-mode study on the fifth mode
(see panels (c) and (e) in Fig. 7); SPEKF-C is robust toward variations both in the damping and frequency phase. For noise
strength a;,, SPEKF-C produces rather high errors when the magnitude of ¢, approaches the observation error; this result
exactly reflects what we found in the one-mode study in [14], except there the observation error is rather small. From
Fig. 7(e), we conclude that the RMS errors of all the filters increase as functions of r°. Moreover, the multiplicative model
(SPEKF-M) performs better than the combined model, SPEKF-C, which in turn is better than the additive model, SPEKF-A.
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When forcing is incorrectly specified (see Section 4.2), the situation changes considerably. In this case, the skill of SPEKF-C
and SPEKF-A is very robust with respect to variations of multiplicative stochastic parameters, d,, g, (see panels (a) and (b) in
Fig. 8). On the other hand, SPEKF-M is not skillful at all as we found and discussed in Section 4.2. When the additive stochas-
tic parameters are chosen such that y, is small and o}, is rather large, then the skill of the combined and additive models is
good (see Fig. 8(c) and (d)). There is one particular regime when both the combined and additive models fail, that is, the re-
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Fig. 8. Filtering with unspecified forcing: spatially averaged RMS errors of the perfectly specified filter (solid line), CSM (asterisks), SPEKF-C (squares),
SPEKF-M (pluses), SPEKF-A (circles) and observation error (dashes). The fixed parameters had the values d,/fi =01, 7,/d=0.1, 0, =
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gime when the additive noise is too small. In this regime we naturally expect the combined and additive model to perform
poorly since the additive bias correction is needed to recover the unspecified forcing. Next, the performance of the combined
and additive models is quite robust to the changes of w, unless this parameters takes values of order 10 or larger. (see
Fig. 8(f)). So we conclude that in our model the frequency of the additive bias correction by(t) should not exceed the max-
imum frequency of the system which is equal w, = 8.91 for k = 1. In Fig. 8(e), we demonstrate the performance of the filters
as a function of observation variance r°. Here we see that the combined model is the best for the whole range of observation
variance. As we already pointed out earlier in this Section, it is very important to realize that the same set of stochastic
parameters is used for all wavenumbers with |k| < 7 even though initially this set was chosen for the fifth mode of our model
as in [14]. Here, we have shown that this set of stochastic parameters belongs to a broad range of robust stochastic param-
eters which produce similar high skill filtered solutions with SPEKFs, and, therefore, one should not tune the stochastic
parameters for a specific mode.

4.4. Summary

As an important test, the posterior energy spectra from both the SPEKF-M and SPEKF-C recover the energy spectrum of
the true signal with high accuracy while MSM has large errors for both correctly and incorrectly specified forcing (see Figs. 3
and 6). In the correctly specified forcing case, the multiplicative model (SPEKF-M) is better than the combined model since
the model errors are completely introduced by the multiplicative noise and hence the additional correction with additive
term is redundant. However, we can always choose an additive parameter set for the combined model such that SPEKF-C
behaves exactly like SPEKF-M. As a method of choice, we strongly recommend the combined model (SPEKF-C), which is a
very effective and robust filtering strategy when neither the true damping nor the true forcing are specified. The multipli-
cative and additive bias corrections learn the damping and the forcing from the observations and significantly improve the
filtering skill of the SPEKF-C when compared with the skill of the MSM for both correctly and incorrectly specified forcing.

5. Predictive skill

In this section, we extensively study the potential predictive skill improvement of using our additive, multiplicative and
combined models in (24), (25) and (23), respectively, over the mean model MSM in (20). Our goal is to first understand the
predictive skill in a one-mode context, especially to understand the effect of errors in initial conditions and a finite ensemble
of realizations. We will check whether there are robust parameter regimes for stochastic parameter estimation with high
predictive skill and finally whether we can translate the results in this one-mode study to the spatially extended system
for the switching SPDE as discussed earlier.

5.1. One-mode study: perfect initial conditions

To achieve our goals, we first consider a “super-ensemble” setup, that is, noiseless initial conditions and forecasts with
exact statistics. In particular, we consider solutions of

O _ 0+ wiute) + 1), (35)

as the perfect initial conditions. Following [14], we fix the frequency w = 8.91/k with k = 5 to represent the fifth mode of our
switching SPDE and a periodic forcing f(t) = exp(0.15it). We allow the damping y(t) to switch between stable, d” = 2.27, and
unstable, d” = —0.04, regimes with random switching time as described in Section 2.3 with average damping strength of
d = 1.5. In our numerical simulations, we consider 10,000 initial conditions, (u,b,7) with b = 0, by sampling solutions of
(35) at every 2.5 time units. To generate noiseless forecasts in the super-ensemble setup, we use the exact mean and covari-
ance of each model [14] with zero initial covariances. In our numerical experiments, we propagate these statistics for 2.5
time units, which is about four times the average damping time of the true signal 1/d = 0.67. With this forecast time, 2.5
units, the 10,000 initial conditions are practically independent.
To quantify the predictive skill, we compute the following average RMS error

RMS(7) = [%] 3 \/\ﬁm(ti +1)t) — ut(t + 1) (36)

tieB

In (36), this RMS error is averaged over predictions with initial